We show that, up to an automorphism, there is a unique independent set in PG(5,2) that meet every hyperplane in 4 points or more. Using this result, we show that PG(5,2) is a 5-chromatic STS. Moreover, we construct a 5-chromatic STS(v) for every admissible v ≥ 127.
Introduction
A Steiner triple system of order v (an STS(v)) is an ordered pair S = (V, T ) where V is a set of order v and T is a collection of triples of V such that every pair from V is contained in exactly one triple of T . It is well known that a necessary and sufficient condition for an STS(v) to exist is that v ≡ 1 or 3 (mod 6). Such a v is said to be admissible. A (weak) n-colouring of an STS(v) is a map c : V → {1, . . . , n} such that |{c(x), c(y), c(z)}| ≥ 2 for every triple {x, y, z} of T (here we say that no triple of T is monochromatic). If c is a colouring of an STS(v), then it is customary to identify the different colourings obtained from c by permuting the colours. Thus an n-colouring of an STS(v) gives rise to a partition of its vertex set into n subsets so that none of them contains a triple of T . A Steiner triple system, S, is k-chromatic if it admits a k-colouring but not a (k − 1)-colouring. In this case we say that S has chromatic number k and we write χ(S) = k.
The problem of colouring Steiner triple systems is a generalization of that for graphs. Indeed we can consider a colouring of a graph as an assignment of colours to its vertices such that no edge is monochromatic. The theory of colouring Steiner triple systems differs from that of colouring graphs in certain fundamental ways. For example, any bipartite graph is 2-chromatic while it is well-known that every STS (v) with v ≥ 7 is at least 3-chromatic [14] . Colouring problems for Steiner triple systems and for hypergraphs are hard in general. For example, no specific example of a kchromatic Steiner triple system is known for any k ≥ 5 and the existence of such objects is shown only by non-constructive methods [2] . On the other hand several examples of 3 and 4-chromatic Steiner triple systems are known [2, 11, 12, 14 ].
An interesting class of Steiner triple systems is the family S * n for n ≥ 2. We can construct S * n by considering F n+1 , the vector space of dimension n + 1 over the field of order 2. The elements of S their own right (Theorem 2, Corollaries 3 and 4 and Proposition 5). In addition, we prove that if a k-chromatic STS(v) exists with v ≡ 3 (mod 6) and k ≥ 5 then a k-chromatic STS(u) exists for every admissible u ≥ 2v + 1. A combination of these two results constructs a 5-chromatic STS(v) for every admissible v ≥ 127.
Preliminaries
Let F n+1 denote the n + 1 dimensional vector space over F := GF (2), the field of order 2. The elements of S * n are the one dimensional subspaces of F n+1 . Each such subspace is represented by the non-zero vector contained in it. For ease of notation, if {e 0 , . . . , e n } is a basis of F n+1 and x is an element of S * n , then we denote x by a 1 · · · a s where x = e a 1 + . . . + e as is the unique expansion of x in the given basis. For example the element x = e 0 + e 2 + e 3 is denoted 023. We will call elements of S * n words and we say that a 1 · · · a s is a word of length s (with respect to the basis {0, . . . , n}). Note that these words are commutative. To complete the definition of S * n we still need to specify the set of triples T : {x, y, z} is a triple if and only if x + y + z = 0, the zero vector. We remark in passing that S * n is the unique totally associative Steiner triple system of order 2 n+1 − 1 [14] .
A subset X of V (S * n ) is called independent if it is line free, i.e., if it does not contain any triple of T . Moreover it is called linearly independent if it is a linearly independent subset of
Note that the set of triples, T , restricted to if and only if there is a u 0 ∈ V (S * n ) such that
where · represents the usual F inner (or dot) product on F n+1 .
In the sequel we consider n = 5. We will often consider the hyperplanes V 0 := K 12345 , V 1 := K 02345 , . . . , V 5 := K 01234 and the "even" hyperplane V e := K 012345 (notice that this is the set of all words of even length). Moreover for j = 1, . . . , 6 we will denote by X j the subset of V (S * 5 ) that consists of all words of length j. Note that a word of odd length belongs to V i iff it contains i, and a word of even length belongs to V i iff it does not contain i, i = 0, . . . , 5.
Technical Results
Let C be an independent subset of V (S * 5 ).
Lemma 1 If C does not contain a basis, then there is a hyperplane K such that
In the following Theorem, we suppose that the independent set C contains a basis denoted by {0, . . . , 5}.
Put C 4 := {0, 1, 2, 3, 4, 5, 0123, 0124,0125, 012345, 034, 035, 045, 134, 135, 145, 234, 235, 245, 345}. Note that C 4 meets every hyperplane of S * 5 in at least 4 points. An automorphism of a STS, S = (V, T ), is a bijection f : V → V such that {f (x), f (y), f (z)} ∈ T for every triple {x, y, z} ∈ T . Let Aut(S) denote the automorphism group of S. For S = S * n (since we are working over the field of order 2) this automorphism group is just the group of vector space automorphisms of F n+1 .
Theorem 2 If the independent set C satisfies |C ∩ K| ≥ 4 for every hyperplane K,
Proof: The proof will be given as follows. In our first step we assume |C ∩ X 4 | ≤ 4.
First we start with the case where |C ∩ X 4 | = 3. We show that in this case C is an automorphic image of C 4 (Claim 1). Next we consider the case where |C ∩ X 4 | = 4.
We show that the four words in C ∩ X 4 must share a common letter (Claim 2) and again in this case C is an automorphic image of C 4 (Claim 3). In a second step we assume |C ∩ X 4 | ≥ 5 and moreover that the following holds: For every basis
Step 1
Claim 1 If the set C contains exactly 3 words of length four and moreover satisfies
Proof: Since C ∩V e ⊂ (C ∩X 4 )∪{012345} we must have 012345 ∈ C. Now by a simple counting argument we see that w.l.o.g. either {0123, 0145, 2345} or {0123, 0124}
is contained in C ∩X 4 . Since the former set is a line we have {0123, 0124} ⊆ C. Hence ) and thus C = C . Since the automorphism defined by f (0) = 0123, f (1) = 345, f (2) = 134, f (3) = 025, f (4) = 02345 and f (5) = 0 carries C 4 to C, the proof Claim 3 is complete.
Step 2
Claims 1, 2 and 3 dispose of the possibility that |C ∩ X 4 | ≤ 4. Hence we now assume that C ∩X 4 = {α 1 , . . . , α n }, where n ≥ 5. Since X 4 ⊆ V e , we have |C ∩V e | ≥ 5.
Consequently, we may assume that the following property, denoted by P, holds: Also by a counting argument we see that at least one of α 3 , α 4 must be of the form 0ijk where i ∈ {1, 2}, say α 3 = 01jk ∈ C where j = k ∈ {2, 3, 4, 5}. We distinguish Applying property P we obtain that |C ∩ V 1 | ≥ 5. Since 0 and 1 play symmetric roles, we also have Let {k, } = {0, 1} and suppose that k25 ∈ C. Then as 45, k235, k245 / ∈ C, we obtain Note that C 4 ∩ V i = {i, i34, i35, i45} for i = 0, 1, 2, and it is easy to see that no other element of V i may be added to C 4 for i = 0, 1, 2. Thus we have:
) has no independent subset C which meets every hyperplane of S * 5 in five or more points.
A combination of Lemma 1 and Theorem 2 gives the following consequence that will be used in the proof of Theorem 8:
Corollary 4 If C is independent and satisfies |C| ≤ 19, then there is a hyperplane
Remark Theorem 2 shows that the size of an independent set that meets every hyperplane of S * 5 in at least four points is 20. Although we do not make use of the following result in this paper, it shows that if we require our independent set to meet every hyperplane in at least 3 points, then it must have at least 12 elements. We have:
Proposition 5 If C is an independent subset of V (S * 5 ) and |C| ≤ 11, then there is a hyperplane K of S * 5 such that |C ∩ K| ≤ 2 .
Proof: Suppose for the sake of contradiction, that C meets every hyperplane in at least 3 points. As |C| ≤ 11 we have by Theorem 2 that there is a hyperplane K such that |C ∩ K| = 3. It is easy to see that w.l.o.g. we may assume that C ∩ K = {0, 1, 2}. As the set C contains a basis, we may extend the set {0, 1, 2} to a basis {0, 1, 2, Case 3 . C ∩ X 4 ⊆ Y 2 . As in Case 2, we may assume that {0345, 1345} ⊆ C.
Then 345 / ∈ C, and consequently
4, 5}). Now the inequalities |C ∩ V j | ≥ 3, for j = 3, 4, 5 give the contradiction
On the other hand the set C 3 := {0, 1, 2, 3, 4, 5, 025, 125, 0123, 0124, 2345, 01345}, is independent, has size 12 and meets every hyperplane of S * 5 in at least 3 points.
Colouring Projective Spaces and the Main Result
Now we consider S * 3 and its colourings. Note that this is a 3-chromatic STS(15) (actually all STS(v) with v admissible, v ≤ 15, are 3-chromatic [11] ). The following result is due to Pelikán [12] : Proposition 6 In any 3-colouring of S * 3 all colour classes have the same size and every plane contains at most 3 points of the same colour.
It is mentioned in [2] that there exists a uniquely 3-colourable STS(33). The following result shows that S * 3 has a similar but weaker property that will be very useful for the proof of our main result. First note that from Proposition 6 we can easily deduce that no matter how we 3-colour S Proposition 7 S * 3 is uniquely 3-colourable up to an automorphism.
Proof: Let 0, 1, 2, 3 be a copy of S * 3 with c : V (S * 3 ) → {1, 2, 3} a 3-colouring. Set
By the above remark, we may apply an element of G to ensure that C 1 = {0, 1, 2, 3, 0123}. Since there are 6 words of length two, one colour class, say C 2 , must contain at least three of them. Call those three words of length two a, b and c. Since a, b and c are independent, they generate a plane P. Now P contains only words of even length and by Proposition 6, P ∩ C 2 = {a, b, c}. This shows that for i = 2, 3, C i contains exactly three words of length two and two words of length three.
Since C 2 contains three words of length two, at least two of them must have a common letter. Put {i, j, k, s} = {0, 1, 2, 3} and let ij, ik ∈ C 2 . Then kj / ∈ C 2 and moreover is ∈ C 2 would imply {jk, js, ks} ⊆ C 3 , a contradiction. Thus C 2 must contain a subset of the form {ij, ik, js}. We want to show that given three words of length two in C 2 , the remaining two words of length three in C 2 are uniquely determined. So let {ij, ik, js} ⊆ C 2 and suppose that C 2 contains the word jks. Then this would imply ij+ik+js+jks = j ∈ C 2 , a contradiction. By a similar argument we have iks / ∈ C 2 and we are left with {ijk, ijs} ⊆ C 2 . Hence C 2 = {ij, ik, js, ijk, ijs}.
Since the group of permutations of {0, 1, 2, 3} is a subgroup of G the result is proved. We are now in a position to show our main result.
Theorem 8 S *
5 is a 5-chromatic STS(63).
Proof: From [14] we know that χ(S * 5 ) is either 4 or 5. Suppose that S * 5 is 4-colourable with colour classes C 1 , C 2 , C 3 and C 4 . Then one of these colour classes, say C 4 , has size at most 15. By Corollary 4, there is a hyperplane K such that
The hyperplane K is generated by 5 independent points which we may denote by 0, 1, 2, 3, 4. It is easy to see that there is a 3-flat, H ⊂ K such that The first gives rise to 4 distinct colourings of K while the second yields 6 colourings of K. After some (uninstructive and fairly long) work we found that none of these colourings of K can be extended to a 4-colouring of S * 5 .
In [2] it is shown that for all k ≥ 3, there is a least integer n k such that for every admissible v ≥ n k , there exists a k-chromatic STS(v). In the same paper it was shown that n 4 ≤ 49. From our next theorem, we can deduce an upper bound for n 5 .
However we need the following two constructions (described in [10] ).
Bose's Construction. Let (Q, •) be an idempotent commutative quasigroup of order 2u + 1 . Set S := Q × {1, 2, 3} and define a collection of triples T of S as follows:
(1) {(x, 1), (x, 2), (x, 3)} ∈ T for every x ∈ Q; and (2)if x = y the three triples {(x, 1), (y, 1), (x • y, 2)}, {(x, 2), (y, 2), (x • y, 3)} and {(x, 3), (y, 3), (x • y, 1)} ∈ T .
It is a routine matter to see that (S, T ) is a 3-chromatic STS(6u + 3). By Corollary 10 we have that n 5 ≤ 127. We are not in a position to make any conjecture since constructing "small" 5-chromatic STS's is at present beyond our resources but it is our feeling that n 5 ≤ 63.
Conclusion: Theorem 2 gives rise to the following general problem: Let C be an independent subset of V (S * n ) and suppose that |C ∩ K| ≥ t for all hyperplanes K. Let ρ(n, t) be the minimal cardinality of such a set C. Find bounds on these numbers ρ(n, t). From Theorem 2 and Proposition 6 we get that ρ(5, 4) = 20 and ρ(5, 3) = 12.
A reasonable lower bound for ρ(n, t) would be useful for determining χ(S * n ) for n ≥ 6. We note that the analogous problem for affine spaces was solved recently by A. Bruen [4] .
